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Chapter 24

Fundamental Limitationsin
MIMO Control
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Arguably, the best way to learn about real design
Issues is to become involved in practical
applications. We hope that the reader gained some
feeling for the lateral thinking that istypically
needed In most real-world problems, from reading
the various case studies that we have presented.

In this chapter, we will adopt a more abstract stance
and extend the design insights on Chapters 8 and 9 to
the MIMO case.
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It was shown in Chapters 8 and 9 that the open-loop
properties of a SISO plant impose fundamental and
unavoldable constraints on the closed-loop
characteristics that are achievable. For example, we
have seen that, for a one-degree-of-freedom loop, a
double integrator in the open-loop transfer function
Impliesthat the integral of the error due to a step
reference change must be zero. We have also seen
that real RHP zeros necessarily imply undershoot in
the response to a step reference change.
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As might be expected, similar concepts apply to
multivariable systems. However, whereasin SISO
systems one has only the frequency (or time) axis
along which to deal with the constraints, in MIMO
systemsthereis also a spatial dimension: one can
trade-off limitations between different outputs as
well as on a frequency-by-frequency basis. This
means that it is al'so necessary to account for the
Interactions between outputs, rather than simply
being able to focus on one output at atime.
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In terms of the sensitivity dirt concept introduced in
Chapter 9, in MIMO systems we can spread thisdirt
In both the frequency dimension as well as the
spatial dimension (i.e. amongst different outputs).
Thisideais captured in the cartoon on the next dlide.
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Multivariable Case

<
]

Sengitivity dirt Multiple piles
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Closed-Loop Transfer Function

We consider the MIMO loop of the form shown
below.

Figure 24.1: MIMO Feedback loop
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We describe the plant model G(s) and the controller
C(s) iInLMFD and RMFD form as

Go(s) = GoN(S)[GoD(S)]_l = [éoD(S)} Gon(s)

C(s) = Cn(s)[Cn(s)] " = [Cp(s)]  Cn(s)

For closed-loop stability, it Is necessary and
sufficient that the Matrix A (s) be stably invertible,
where
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For the purpose of the analysis in this chapter, we
will continue working under the assumption that the
MIMO plant issguare, i.e., itsmodel iIsan mx m
transfer function matrix. We also assume that G(S)
Is nonsingular for amost all sand, in particular, that

det G,(0) # 0.
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For future use, we denote the it" column of S (s) as
[S,(9)]+; and the kth row of T (s) as[T (9], ; SO

To(8)]1x |
[ To(s)]2x

So(s) = [[So(s)]s1 [So(s)ls2 - [So(8)lsm]; To(s) =
[ To(8)]ms_
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From Chapter 20, we recall that good hominal
tracking is, as in the SISO case, connected to the
Issue of having low sensitivity in certain frequency
bands. Upon examining this requirement, we see
that it can be met If we can make

I+ G0<jW)CO(jW)]_1G0(jW)C0(jW) ~ 1

for al w Inthe frequency bands of interest.
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MIMO Internal Model Principle

In SISO control design, akey design objectiveis
usually to achieve zero steady-state errors for certain
classes of references and disturbances. However, we
have also seen that this requirement can produce
secondary effects on the transient behavior of these
errors. In MIMO control design, similar features
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In Chapter 20, we showed that, to achieve zero
steady-state errors to step reference inputs on each
channel, we require that

To(0) =I <= So(0) = 0
We have seen earlier in the book that a sufficient

condition to obtain this result i1s that we can write the
controller as

C(s) = éé(s) where  det(C(0)) # 0

Thisisusually achieved in practice by placing one
Integrator in each error channel.
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The Cost of the Internal M odel
Principle

Asin the SISO case, the Internal Model Principle
comes at acost. Asan illustration, the following
result extends a SISO result (namely Lemma 8.1
from Chapter 8) to the multivariable case.
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Lemma 24.1. |If zero steady-state errors are required to
aramp reference input on the rt" channel, theniit is
necessary that

lim =[S ()]s = 0

s—0 8

and, as a consequence, in aone-d.o.f. loop,
/ WAt =0  i=1.2.. . .m
0

where e'(t) denotes the error in the ith channel resulting
from a step reference input on the rt channe!.
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It Isinteresting to note the essentially multivariable
nature of the above result. Theintegral of all channel
errorsis zero, in response to a step reference in only
one channel. We will establish ssmilar multivariable
results for the case of RHP poles are zeros.

Furthermore, Lemma 24.1 shows that all components
of the MIMO plant output will overshoot their
stationary values when a step reference change occurs
on the rt" channdl.
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RHP Poles and Zeros

In the case of SISO plants, we found that
performance limitations are intimately connected to
the presence of open-loop RHP poles and zeros. We
shall find that thisisalso truein the MIMO case. As
a prelude to developing these results, we first review
the appropriate definitions of poles and zeros.
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Consider the plant model G (s). Werecall that z, is
a zero of G(s), with corresponding left directions

h L T if

det(Gon(20)) =0 and Al (Gon(20)) =0 i=1,2,..., 4,

Similarly, we say that 7, 1sapole of G(s), with
corresponding right directions g;, g5, ..., Oy If

det(Gop(10)) =0 and  (Gop(7,))gi =0 i=1,2,..., 1,
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MIMO Interpolation Constraints

If we now assume that z, and 77, are not canceled by
the controller, then the following lemma holds.

Lemma 24.2: With z, and 77, defined as above,

So(10)gi = 0 i=1,2,...
To(0)9i = gi i=1,2,... 1
hlTo(z,) =0 i=1,2,... 1,

hl'So(z,) = h! i=1,2,... 1,



Chapter 24 ©Goodwin, Graebe, Salgado, Prentice Hall 2000

We see that, asin the SISO case, open-loop poles
(1.e. the poles of G_(s)C(s)) become zeros of S (),

and open-loop zeros (1.e. the zeros of G(S)C(9))
become zeros of T (S).
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Time-Doman Constraints

We saw in Chapter 8 for the SISO case that the
presence of RHP poles and zeros had certain
Implications for the time responses of closed-loop
systems. We have the following MIMO version of
Lemma 8.3.
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_emma 24.3. Consider aMIMOQO feedback control
oop having stable closed-loop poles located to the
eft of -a for some a > 0. Also, assumethat zero
steady-state error occurs for reference step Inputsin
al channels. Then, for a plant zero z, with left
directionsh;', h,', ..., h, " and aplant pole 17, with
right directionsgy, g,, ..., Oup satisfying [(z,)) > -a
and [1(rn7y) > -a, we have the following:
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(i) For apositive unit reference step on the rth
channdl,

/ hie(t)e *tdt = —; i=1,2,... .1,
0 2o

where h,, isthe rth component of h.
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(11) For a(positive or negative) unit-step output
disturbanceindirectiong;, 1 =1, 2, ..., u,, the
resulting error, &(t), satisfies

/ e(t)e tdt = 0
0



Chapter 24 ©Goodwin, Graebe, Salgado, Prentice Hall 2000

(111) For a (positive or negative) unit reference step in
the rth channel, and provided that z, isin the
RHP,

/ hiy(t)e *tdt = 0:; i=1,2,..., 1,
0

Proof: See the book.
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Comparing the above Lemma with Lemma 8.3
clearly shows the multivariable nature of these
constraints. For example part (i1) holds for
disturbances coming from a particular direction.
Also, part (1) appliesto particular combinations of
the errors. Thus, the undershoot property can
(sometimes) be shared amongst different error
channels, depending on the directionality of the
ZEros.
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Example

Quadruple-tank apparatus continued.

Consider again the quadruple-tank apparatus. We
recall from our early study of this example, that for the
case )1 = 0.43, )2 = 0.34, there Is a nonminimum-
phase zero at z; = 0.0229. The associated |eft zero

direction is approximately [1 -1].
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R

Pump 1 Pump 2
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Hence, from Lemma 24.3 we have

/Ooo(yl (t) — y2(t))e*"dt = 0
(—1)

%o

/ooo<61<t> — eg(t))e”*dt =

for aunit step in the it channdl reference.
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The zero in this case IS an Interaction zero; hence,
we do not necessarily get undershoot in the response
However, there are constraints on the extent of
Interaction that must occur. This explains the high
level of interaction observed in the next dlide.

We actually see that there are two ways one can deal
with this constraint.
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Smulation of Closed Loop Responses
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(1) If weallow coupling inthe final response, then
we can spread the constraint between outputs,
I.e., we can satisfy the integral constraints by
having Y,(t), and hence e,(t), respond when a
step is applied to channel 1 reference, and vice-
versa. This might allow usto avoid undershoot,
at the expense of having interaction. The
amount of interaction needed grows as the
bandwidth increases beyond z,.
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(11) If we design and achieve (near) decoupling, then
only one of the outputs can be nonzero after each
Individual reference changes.

Thisimplies that undershoot must occur in this
case. Also, we see that undershoot will occur in
both channels (i.e., the effect of the single RHP
zer o now Influences both channels). Thisisan
example of spreading resulting from dynamic
decoupling.
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Genera comments on effect of
decoupling

It IS interesting to see the impact of dynamic
decoupling on the MIMO integral constraint:

/ hie(t)e *tdt = —; i=1,2,... .1,
0

2o

If we can achieve a design with the decoupling
property (a subject to be analyzed in greater depth in
Chapter 26), then it necessarily follows, that for a
reference step in the rth channel, there will be no
effect on the other channels:

er(t) =0 for Vk#r, Vt>0
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Then the integral constraint reduces to the following
result:

/ hirer(t)e™ > dt = —=; i =1,2,..., iz
0

Zo
or, for h,, # 0,
/ er(t)e *otdt = 1
0

<o

which is exactly the constraint applicable to the
SISO case.
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We thus conclude that dynamic decoupling removes
the possibility of sharing the zero constraint amongst
different error channels. Thisis heuristically
reasonable. We also see that one zero can effect
multiple channels under a decoupled design.

The only time that a zero does not spread its
Influence over many channels is when the
corresponding zero direction has only one nonzero
component. We then say that the corresponding zero
direction is canonical.
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Example 24.2

Consider the following transfer function:
s —1 2(s — 1)
(s+1)* (s+1)?

1 €
[ (s+1)* (s+1)]

Go(s) =
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We seethat z, = 1isazerowith direction h," =[1 0].
We see that isacanonical direction. Inthis case, the
Integral constraint becomes

/000[1 0] e(t)e "dt = /OOO er(De—tdt = = =1

<o

for astep input on the first channel. Notethat, inthis
case, thisisthe same asthe SISO case. Thusthe
effect of the single zero is not spread over multiple
channels, 1.e. there is no additional cost to decoupling
In this case.
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However, iIf we instead consider the plant
[ s —1 1
(s+1)* (s+1)?
2(s — 1) €
(s+1)2 (s+1)2.
then the situation changes significantly.

Go(s) =

Inthiscase, z, = 1isazerowith direction h," =[¢ -1].
We see that 1s anon-canonical direction. Thusthe
Integral constant gives for a step reference in the first
channel that



Chapter 24 ©Goodwin, Graebe, Salgado, Prentice Hall 2000

€

Aoo[G — 1]Te(t)e_tdt _ Aw(eel (t) - eQ(t))e_tdt _f .

2o

and for a step reference in the second channel that

/Ooo(eel(t) —ex(t))e tdt = — = —1

2o

If, on the other hand, we Insist on dynamic
decoupling, we obtain for a unit step reference in the
first channel that

> 1
/ e1(t)e tdt = — =1
0

2o

and for a step reference in the second channel that
> 1
/ ea(t)e tdt = — =1

<o
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Thus the effect of the zero has been spread by the
decoupling design over the two channels.

Clearly, in this example, a small amount of coupling

from channel 1 into channel 2 can be very helpful
when ¢ # 0.
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The time-domain constraints explored above are also
matched by frequency-domain constraints that are
the MIMO extensions of the SISO results presented
In Chapter 9. Thisis explored below.
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Poisson Integral Constraints on
MIMO Complementary Sensitivity

We will develop the MIMQO versions of results
presented in Section 9.5.
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Note that the vector T (s)g; can be premultiplied by a
matrix B;(s) to yield avector 7.(s):

— = <S> -
7'7;2(8)

7i(s) = Bi(s)To(s)g; = , : i =1,2,...,

| Tim (5)_
where B,(s) Isadiagonal matrix in which each
diagonal entry [B;(s)];;, Isascaar inverse Blaschke

product, constructed so that In(7;(s)) Isan analytic
function in the open RHP.
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We also define acolumn vector J; (<) asfollows:

Bi(s)]119:1(s)

Bi(5) g (5).

[ Gi1(5)

Ginm (5).



Chapter 24 ©Goodwin, Graebe, Salgado, Prentice Hall 2000

We next define a set of integers, V;, corresponding
to the indices of the nonzero elements of g;:

V%:{T|g’b7“7é0}7 7:21727"'7“]?

We then have the following result:
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Theorem 24.1 Complementary sensitivity and
unstable poles:

Consider aMIMO system with an unstable pole
located at s= 7, = a + ]S and having associated
directionsg,, 9, ..., Oy then

(1)
e

_/ ln‘[TO(jw)]T*gi|dQ(noaw) — 1n|BzT(nO)gW|7 r e V’M 1= 17 27 ooy Hp

T
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(1)

1 ©.)
—/ In|[To(jw)]r«gild2(no,w) > Inlgir[; 7€V i=1,2,... 1
-

where
dQ(n,,w) = o (z — 6)2dw — /_OO dQn,,w) =m

Proof: See the book.
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Remark: Although the above result gives a precise
conclusion, it isaconstraint that depends on the
controller. The result presented in the following
corollary Is independent of the controller.

Corollary: Consider Theorem 24.1; then the result
can also be written as

[w In |[To(jw)]rr| d2(no,w) > /_OO In ‘ Zk[io[gj(gz)g]i;gzk d2(n,,w)
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Poisson Integral Constraints on
MIMO Sensitivity

When the plant has NMP zeros, aresult smilar to
the one presented above can be established for the
sensitivity function, S (s).
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We first note that the vector h,'S (s) can be
postmiultiplied by a matrix B; (s) to yield a vector
U(S):

vi(8) = hi So(s)Bi(s) = [vi1(s) via(s) ... Vim(s)]; i=1,2,..., 1,

where B, (s) isadiagonal matrix in which each
diagonal entry, [B; () ];;, isascalar inverse Blaschke
product, constructed so that In(u;(s)) 1san analytic
function in the open RHP.
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We also define arow vector h; (<), where

- hi1(s)[Bi(s)]11 |

BT (5)BY(S) .
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We next define a set of integers V' corresponding to
the indices of the nonzero elements of h;:

V!, = {r|h £ 0}: i=1,2,. ..,

We then have the following result:
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Theorem 24.2 Sensitivity and NMP zeros.

Consider aMIMO plant having aNMP zero at s = z,
= y+ )9, which associated directionsh,', h,T, ...,
h,,'; then the sensitivity in any control loop for that
plant satisfies
(1)

1

—/ A7 S (j0)]ar | 20, @) = Inlhir[Bi(ze)lmn]s 7€V i=1,2... .4,

7
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(1)

1 o
—/ AT [So () ]ur|dz0,w) > In [hirl; 7 eV i=1,2... 4,

7T—OO

where

/y o
dQ(zo,w) = dw —> dQ(z,,w) =
(2o, w) i (w_0)? w /_OO (zo,w) =T

Proof: See the book.
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Corollary: The result can also be written as

o

In

hi'r [So(jw)]rr
> ke Nik[So(Jw)]kr

/OO In|[So(Jw)]rr| d2(20,w) > / dQ(z,,w)

_m —_—
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|nterpretation

The above theorem shows that in MIMO systems, as
ISthe case in SISO systems, there is a sensitivity
trade-off along a frequency-weighted axis. Note
also, that in the MIMO case, there is a spatial
dimension (i.e. multiple outputs) aspect to the
constraints. To explore the issue further, we consider
the following lemma.
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Lemma 24.2: Consider the It column (I OV, in the
case when the I sensitivity column, [S ], iS
considered. Furthermore, assume that some design
specifications require that
1So(Jw) |k < ey <K 1 Vw e [0,we;k=1,2,... ,m
Then the following inequality must be satisfied:
(we)

m b 77_1#(“’6)
Solkillco = :
8ol > |+ 32 |5 e

k1

Rk
hip

[Solutllos + )
k=1

k1
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Proof: See the book.
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These results are similar to those derived for SISO
control loops, because we also obtain lower bounds
for sensitivity peaks. Furthermore, these bounds
grow with bandwidth requirements.

However, amgor differenceisthat in the MIMO
case the bound refers to alinear combination of
sensitivity peaks. This combination is determined by
the directions associated with the NMP zero under
consideration.
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An Industrial application: Sugar
Mill

In this section, we consider the design of a controller
for atypical industrial process. It has been chosen
because It includes significant multivariable
Interactions, a nonsalf regulating nature, and
nonminimum-phase behavior.
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The sugar mill unit under consideration constitutes
one of multiple stagesin the overall process. A

schematic diagram of the Mill Train is shown on the
next dlide.
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Figure 24.2: A sugar milling train
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A single stage of this Milling Train is shown below:

canein
buffer \y
chute SR
flap -

/ PRESSURE
FEEDER
e @ ROLLS
pressure
. chute
maceration

inter- -
carrier :
X l bagasse S :
- e/ gear .| steam
\ / ¢ @ box turbine
juice

boot

CRUSHER ROLLS

Figure 24.3: Single crushing mill
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A photograph of the buffer chute and rolls is shown
on the next dlide.
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For the purpose of maximal juice extraction, the process
reguires the control of two quantities. the buffer chute
height, h(t), and the mill torque, 7(t). For the control of
these variables, the flap position, f(t), and the turbine
speed set-point a(t), may be used. For control purposes,
this plant can thus be modeled asa MIMO system with 2
Inputs and 2 outputs. In this system, the main
disturbance, d(t), originates in the variable feed to the
buffer chute.

In this example, regulation of the height in the buffer
chute Is less important for the process than regulation of
the torque.
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After applying phenomenological considerations and
the performing of different experiments with
Incremental step inputs, alinearized plant model was

obtained. The outcome of the modeling stage is
below.
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Figure 24.4. Sugar mill linearized block model
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The nominal plant model in RMFD form, linking the
Inputs f(t) and a(t) to the outputs 7(t) and h(t) isthus

Go(s) = Gon(s)[Gon(s)] ™
where

Guni(s) = —5 s2—0.005s — 0.005]
oNZI T —0.0023(s + 1)
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We can now compute the poles and zeros of G_(s). The
poles of G(s) are the zeros of G_(9), I.€., (-1, -0.04, 0).
The zeros of G(s) are the zeros of G_\(9), I.€., the
values of sthat are roots of det(G_\(s)) = 0; thisleads
to (-0.121, 0.137). Note that the plant model has a
nonminimum-phase zero, located at s= 0.137.

We a so have that

Go(0.137) = {—1.13 0.084 ]

0.226 —0.0168

the direction associated with the NMP zero is given by
' =11 5]



Chapter 24 ©Goodwin, Graebe, Salgado, Prentice Hall 2000

Designs

Three designs were carried out and compared. These
Were:

(1) ADecentralized 30 Design
(i) Full Dynamic Decoupled Design
(i11) Triangular Decoupled Design.

We |leave the reader to follow the detail s of these

designsin the book. We will ssmply summarize the
results here.
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SISO Design

Before attempting any MIMO design, we start by
examining a SISO design using two separate PID
controllers. Inthisdesign, weinitially ignore the
cross-coupling terms in the model transfer function
G,(s), and we carry out independent PID designs for
the resulting two SISO models, i.e.

—9 —0.0023
and GQQ(S)

Gii(s) = -
1(8) = gp =7 5
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Thefinal controllers obtained from this design were:

0.9s + 0.02 2052 + 10s + 0.2
Ci(s) = — i ; and Cs(s) = — s

S s2 4+ s

To illustrate the limitations of this approach and the
assoclated trade-offs, Figure 24.5 shows the

performance of the loop under the resultant SI SO-
designed PID controllers.

In this ssimulation, the (step) references and
disturbance were set as follows:

ri(t) = p(t —1); ro(t) = p(t — 100); d(t) = —10pu(t — 250)
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Figure 24.5: Loop performance with S SO design
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The following observations follow from the results
above.

(1) Interaction between the loopsisstrong. In particular, we
observe that areference change in channel 2 (height) will
Induce strong perturbations of the output in channel 1
(torque).

(i) Both outputs exhibit nonminimum-phase behavior.
However, due to the design-imposed limitation on the
bandwidth, thisis not very strong in either of the outputsin
response to a change in its own reference. Notice however,
that the transient in 'y, in response to areference changeinr,
IS - because of the interaction neglected in the design - clearly
of honminimum phase.
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(il1) The effects of the disturbance on the outputs show
mainly low-frequency components. Thisis due to the
fact that abrupt changes in the feed rate are filtered out
by the buffer.
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MIMO Designs

We now consider afull MIMO design. We begin by
analyzing the main issues that will affect the MIMO
design. They can be summarized as follows:

(1) The compensation of the input disturbance requires that
Integration be included in the controller to be designed.

(i) Toensureinternal stability, the NMP zero must not be
canceled by the controller. Thus, C(s) should not have
polesat s=0.137.

(111) In order to avoid the possibility of input saturation, the
bandwidth should be limited. We will work in the range
of 0.1-0.2[rad/g].
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(iv) Thelocation of the NMP zero suggests that the dominant

v)

mode in the channel(s) affected by that zero should not be
faster than e0-137t, Otherwise, responses to step reference
and step input disturbances will exhibit significant
undershoot.

Theleft direction, h" =[1 5], associated with the NMP
zero is not a canonical direction. Hence, if dynamic
decoupling is attempted, the NMP zero will affect both
channels.
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MIMO Design. Dynamic Decoupling

We first produce a decoupling design.
The appropriate controller in this case is given by

d=(s)d*(s) d=(s)d*(s)

(s)d
SnglMﬂ( ) ST (S)MQQ(S)
d=(s)d*(s) d=(s)d*(s)

_(258 -+ 1)77,11(8)M11(S) (258 -+ 1)77,12(8)M22(8)_

C(s) =




Chapter 24 ©Goodwin, Graebe, Salgado, Prentice Hall 2000

C(s) should not have poles at s=0.137, so the
polynomial d*(s) should be canceled in the four fraction
matrix entries. Thisimplies that

M11(0.137) = M52(0.137) =0
Furthermore, we need to completely compensate the
Input disturbance, so we require integral action in the
controller (in addition to the integral action in the

plant). We thus make the following choices

(s —0.137)p11(s) (s — 0.137)pa2(s)
s2111(s) ’ s2155(8)

where p,4(9), 111(9), 155(9), and p,,(S) are chosen by using

polynomial pole-placement techniques.

Mll(S) =

and Mzg(S) =
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With these values, the controller is calculated. A
simulation was run with this design and with the

same conditions as for the decentralized PID case,
|.e.,

ri(t) = p(t —1); ra(t) = p(t — 100); d(t) = —10pu(t — 250)

The results are shown on the next dlide.
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Figure 24.6: Loop performance with dynamic
decoupling design
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The results shown above confirm the two key issues

underlying this design strategy: the channels are

dynamically decoupled, and the NMP zero affects
both channels.
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MIMO Design. Triangular
Decoupling

Next we aim for atriangular closed loop transfer
function.
The resultant triangular structure will have the form

M(s) = Go(s)C(s) = [%;18 M;;(s)}

This leads to the complementary sensitivity
M11 (S)

= [B) Talo) | T :
O\ T Thi(s) Tha(s)| Moy (s) Moo (s)
[ (1+ Mi1(8))(1+ M2a(s)) 14 Maa(s)
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The final controller is

~ 0.15(s+1)

Cals) = S5+ 0.10)
—0.0058(25s + 1)(s + 0.0678
Cua(s) — ( )( )

s?(s 4+ 0.121)

~ —(255+1)(s* — 0.005s — 0.005)(0.4715s + 0.0146)
B s?2(s 4+ 0.121)(s + 0.8715)

- —5(s+1)(0.4715s + 0.0146)

~ 5(s+0.121)(s + 0.8715)
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Unit step references and a unit step disturbance were
applied, asfollows:

ri(t) = p(t —1); ro(t) = —p(t — 100); d(t) = —10pu(t — 250)

The results are shown on the next dlide.
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Figure 24.7: Loop performance with triangular design
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The following observations can be made about the
above results..

(1) Theoutput of channel 1 is now unaffected by changesin
the reference for channel 2. However, the output of
channel 2 is affected by changes in the reference for
channel 1. The asymmetry is consistent with the choice
of alower-triangular complementary sensitivity, T (S).

(i) The nonminimum-phase behavior is evident in channel 2
but does not show up in the output of channel 1. This
has also been achieved by choosing a lower-triangular
T,(s); that is, the open-loop NMP zero is a canonical
zero of the closed-1oop.
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(111) Thetransient compensation of the disturbance in channel
1 has aso been improved with respect to the fully
decoupled |oop.

(iv) The step disturbance is completely compensated in
steady state. Thisisdueto the integral effect in the
control for both channels.

(v) The output of channel one exhibits significant overshoot
(around 20%). Thiswas predicted for any loop having a
double integrator.
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Nonsguare Systems

In most of the above treatment, we have assumed
equal number of inputs and outputs. However, In
practice, there are elther excess inputs (fat systems)
or extra measurements (tall systems). We briefly
discuss these two scenarios below.
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EXxcess inputs

Say we have m inputs and p outputs, where m > p.
In broad terms, the design alternatives can be
characterized under four headings.
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(a) Sguaring up
Because we have extra degrees of freedom in the
Input, It is possible to control extra variables
(even though they need not be measured). One
possible strategy IS to use an observer to estimate
the missing variables.
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(b) Coordinated control

Another, and very common, situation, iswhere p
Inputs are chosen as the primary control
variables, but other variables from the remaining
m - p inputs are used in some fixed, or possibly
dynamic, relationships to the primary controls.



Chapter 24 ©Goodwin, Graebe, Salgado, Prentice Hall 2000

(c) Soft load sharing

It one decides to ssmply control the available
measurements, then one can share the load of
achieving this control between the excess inputs.
This can be achieved via various optimization

approaches (e.g., quadratic).
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(d) Hard load sharing

It IS often the case that one has a subset of the
Inputs (say of dimension p) that is a preferable
choice from the point of view of precision or
economics, but that these have limited amplitude
or authority. Inthiscase, other inputs can be
called upon to assist.
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EXxcess outputs

Here we assumethat p > m. In this case, we cannot
hope to control each of the measured outputs
Independently at all times. We investigate three
alternative strategies
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(a) Sguaring down

Although all the measurements should be used in
obtaining state estimates, only m quantities can
be independently controlled. Thus, any part of
the controller that depends on state-estimate
feedback should use the full set of measurements,
however, set-point injection should be carried out
only for a subset of mvariables.
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(b) Soft sharing control

If one really wants to control more variables than
there exist inputs, then it Is possible to define
their relative importance by using a suitable
performance index. For example, one might use
a quadratic performance index.
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(c) Switching strategies
It Is also possible to take care of m variables at
any one time by use of aswitching law. Thislaw

might include time-division multiplexing or some
more sophisticated decision structure.
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The avallability of extrainputs or outputs can also be
very beneficial in allowing oneto achieve a
satisfactory design in the face of fundamental
performance limitations. We illustrate by an
example.
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Example 24.3:

|nverted pendulum.

We recall the inverted-pendulum problem discussed
In Example 9.4.



Chapter 24 ©Goodwin, Graebe, Salgado, Prentice Hall 2000

Example of an Inverted Pendulum
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Figure 9.4. Inverted pendulum
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We saw earlier that this system, when considered as
asingle-input (force applied to the cart), single-
output (cart position) problem, hasareal RHP pole
that has alarger magnitude than areal RHP zero.
Thisleads to a near impossible control system design
problem. Thus, although this problem is, formally,
controllable, it was argued that this set-up, when
viewed in the light of fundamental performance
limitations, is practically impossible to control, on
account of severe and unavoidable sensitivity peaks.
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However, the situation changes dramatically if we
also measure the angle of the pendulum. Thisleads
to asingle input (force) and two outputs (cart
position, y(t), and angle, &t)). This system can be
represented in block-diagram form as on the next
dide.
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Figure 24.8: One-input, two-output inverted-
pendulum model

£(t) _K (s—b)(s+b) | YO
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Note that this nonsquare system has poles at (0, 0, a, -a)
but no finite (MIMO) zeros. Thus, one might reasonably
expect that the very severe limitations which existed for
the SISO system no longer apply to this nonsguare
system.
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WeuseK =2, a=+v20, and b =+v10. Then asuitable
nonsguare controller turns out to be

0 = [0) Cal)] [ 0]

where R(s) = L[r(t)] isthe reference for the cart
position, and
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The next dlide shows the response of the closed-loop
system for r(t) = u(t-1), I.e., aunit step reference
applied at t = 1.
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Figure 24.9. Sep response in a nonsquare control
for the inverted pendulum
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Note that these results are entirely satisfactory. An
Interesting observation is that the nonminimum-phase
zero lies between the input and y(t). Thus, irrespective
of how the input Is chosen, the performance limitations
dueto that zero remain. For example, we have for a unit
reference step that

1

[ - vtene i =

In particular, the presence of the nonminimum-phase
zero places an upper limit on the closed-1oop bandwidth
Irrespective of the availability of the measurement of the
angle.
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The key issue that explains the advantage of using
nonsguare control in this case is that the second
controller effectively shifts the unstable pole to the
stability region. Thusthereisno longer a conflict
between a small NMP zero and a large unstable pole,
and we need only to pay attention to the bandwidth
limitations introduced by the NMP zero.
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Summary

0 Analogoudly to the SISO case, MIMO performance
specifications can generally not be addressed
Independently from another, because they are linked by a
web of trade-offs.

0 A number of the SISO fundamental algebraic laws of
trade-off generalize rather directly to the MIMO case:

1 S(s) =1 -T,(s), implying atrade-off between speed of responseto
achange in reference or rejecting disturbances (S (s) small) versus
necessary control effort, sensitivity to measurement noise, or
modeling errors (T ,(s) small);

1 Y (S) =-T,(9D, (), implying atrade-off between the bandwidth of
the complementary sensitivity and sensitivity to measurement
NoI se.
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1S9 = [G,(9] 1T (9), implying that a complementary sensitivity
with bandwidth significantly higher than the open loop will
generate large control signals;

1 S,(S) = S,(9G,(s), implying atrade-off between input and output
disturbances, and

7 (S) = S (9)SA(S) = [I + G (9T ,(9)]?, implying atrade-off
between the complementary sensitivity and robustness to modeling
errors.



Chapter 24 ©Goodwin, Graebe, Salgado, Prentice Hall 2000

0 There aso exist frequency- and time-domain trade-offs due
to unstable poles and zeros.

o Qualitatively, they parallel the SISO resultsin that (ina MIMO
measure) low bandwidth in conjunction with unstable polesis
associated with increasing overshoot, whereas high bandwidth in
conjunction with unstable zeros is associated with increasing
undershoot.

o Quantitatively, the measure in which the above istrue is more
complex than in the SISO case: the effects of under- and
overshoot, aswell as of integral constraints, pertain to linear
combinations of the MIMO channels.
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0 MIMO systems are subject to the additional design
specification of desired degree of decoupling.

0 Decoupling isrelated to the time- and frequency-domain
constraints via directionality.
o The constraints due to open-loop NMP zeros with noncanonical

directions can be isolated in a subset of outputs, if triangular
decoupling is acceptable.

o Alternatively, if dynamic decoupling is enforced, the constraint is
dispersed over several channels.

0 Advantages and disadvantages of completely decentralized
control, full diagonal dynamical and triangular decoupling
designs were illustrated with an industrial case study.



