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Chapter 25

MIMO Controller
Parameterizations
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In this chapter, we will extend the, so called Q
parameterization for SISO design of Chapter 15 to
the MIMO case. We will find that many issues are
common between the SISO and MIMO cases.
However, there are distinctive issuesin the MIMO
case that warrant separate treatment. The key factor
leading to these differences is once again the fact that
MIMO systems have spatial coupling, i.e., each input
can affect more than one output and each output can
be affected by more than one input.
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Notwithstanding these differences, the central 1ssue
In MIMOQO control-system design still turns out to be
that of (approximate) inversion. Agan, because of
Interactions, inversion is more intricate than in the
SISO case, and we will thus need to develop more
sophisticated tools for achieving this objective.
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Our treatment in these slides will be relatively brief
because the issues are probably best followed by
reading the details in the book.

We thus present a summary that highlights the key
end results.

The procedures and results mirror those presented
earlier for the SISO case. The only difference hereis
that we need to deal with matrix, rather than scalar,
transfer functions. This raises some 1ssues of a
technical nature not met in the SISO case.
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Affine Parameterization: Stable
MIMO Plants

The generalization of the parameterization of all
stabilizing controllers to the multivariable case is
straightforward. Indeed, all controllers that yield a
stable closed-loop for a given open-loop stable plant
having nominal transfer function G_(s) can be
expressed as

C(s) = [I - Q(5)Go(s)] ' Q(s) = Q(5)[I - Go(5)Q(s)]

where Q(s) is any stable proper transfer-function
matrix.
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The Nominal Sensitivitiesin Q form

The resulting nominal sensitivity functions are

To(s) = Go(5)Q(s)

So(s) =1 — Go(s)Q(s)

Sio(s) = (I = Go(5)Q(s))Go(s)

Suo(s) = Q(s)
These transfer-function matrices are simultaneously
stable iIf and only if Q(s) Isstable. A key property is
that they are affine in the matrix Q(s).
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The achieved sensitivity Is

S(s) = S,(8) I+ Gai(s)To(s)]*
= [I-Go(5)Q(s)][I+ Ge(5)Q(s)] "

where G (s) I1sthe additive model error, defined In

G(s) = Go(s) + G(s)

Again the reader will see the ssimilarity with the SISO
case.
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We next see how one might use the nominal
sensitivites expressed in the Q form for design.
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Use of the Q form for design

An idealized target sensitivity functionis T(s) = |.
We then see from the equation T (s) = G,(s)Q(s) that
the design of Q(s) reduces to the problem of finding
an (approximate) right inversefor G (s). Thus, asin
the SISO case, we see that inversion is the core issue
In control system design.
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We remind the reader of the following 1ssues which arose
In the SISO problem of finding approximate inverses.

0 nonminimium-phase zeros
1 model relative degree

0 disturbance trade-offs

0 control effort

o robustness

o uncontrollable modes

These same issues appear in the MIMO case, but they are
compounded by directionality Issues.
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We will focus on two of the design issues, namely:

0 Dealing with the issue of relative degree

0 Dealing with non-minimum phase behavior.



Chapter 25

© Goodwin, Graebe, Salgado , Prentice Hall 2000

Dealing with Model Relative Degree

We recall from Chapter 15 that, in the SISO case, we
dealt with modél relative-degree issues by ssmply
Introducing extrafiltering to render the appropriate
transfer-function biproper prior to inversion. This
same principle appliesto the MIMO case, save that

the filter needed
function is alitt

case. In particu

to achieve a biproper matrix transfer
e more complicated than in the SISO
ar, we will need to use the idea of

Interactor matrices.
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MIMO Relative Degree

| nteractor matrices

We recall that the relative degree of a SISO modd,
amongst other things, sets alower [imit to the relative
degree of the complementary sensitivity. Inthe SISO
case, we say that the relative degree of a (scalar)
transfer function G(s) is the degree of a polynomial
p(s) such that

lim p(s)G(s) = K where 0 < |K| < o0

S§— 0O

This means that p(s)G(s) is biproper, i.e., (p(s)G(s)) 1
IS also proper.
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Inthe MIMO case, every entry in the transfer-
function matrix G(s) can have a different relative
degree. Thus, to generate a multivariable version of
the scalar polynomial p(s) we will need to consider
the individual entries and their interactions. To see
how this can be done, consider an m x m matrix G(s).
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We will show that there exist matrices ¢, (s) and &x(s)
such that the following properties hold

lim &p,(s)G(s)

S—0OO

lim G(s)Egr(s)

S—0OO

Kr, 0 < |det(Kyp)| < o©

Kgr 0 < |det(KRr)| < o0

Thus ¢, (s) and &x(s) are the multivariable equival ents
of scalar relative degree. We call these matrices
“Interactor Matrices’. Thisresult is established in

the following theorem.
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More formal statement of the
MIMO relative degree result

Theorem 25.1: Consider a sguare transfer-function
m X m matrix G(s), nonsingular amost everywhere in
s. Then there exist unique transfer matrices ¢, (s) and
&r(S) (known as the left and right interactor matrices,
respectively) such that

Slgglo £1.(s)G(s) = K¢, 0 < |det(Kpr)| < o0
Slg{)lo G(s)ér(s) = Kr 0 < |det(KRr)| < o0
are satisfied, such that

¢ (s) = Hp(s)Dy(s)
Dy (s) = diag (s, ... ,sP™)
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And suchthat 4; (s) and 4, (s) arepolynomialsin
s, satisfying 4;; (O) 0 and h,] (0) =0.

Proof: See the book.

We illustrate by a simple example.
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Example 25.2

Consider the transfer-function matrix G(s) given by

G(s) = [;;ﬂj 2 1)] (s + 1)°1)

Then

OB ]

S
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Remark: It isstraightforward to see that the
Interactors can be defined by using diagonal matrices
D, (s) and Dx(s) with arbitrary polynomial diagonal
entries with degrees, p4, ps, ---, p,,, Which are
Invariants of the interactor representation of a given
matrix G(s). Thisflexibility is important, because we
can always choose stable polynomials, implying that
the inverses of ¢, (s) and &x(s) are also stable.
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Approximate Inverses

We next show how interactors can be used to
construct approximate inverses accounting for
relative degree.
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A crucial property of ¢, (s) and ¢x(s) Isthat

Ar(s) £ Go(s)€r(3); and  Ar(s) 2 £1.(5)Gols)

are both biproper transfer functions having
nonsingular high-frequency gain. This simplifies the
problem of inversion.
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Note that A(s) and A, (s) both have a state space
representation of the form

@(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

where D #0. Noteasothat A and C arethe same as
In the plant description.
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Exact Inversion of A(s)

The key point is that the exact inverse of A(s) can be
obtained by ssmply reversing the roles of input and
output, to yield the following state space realization
of [A(s)]
x(t)=Ax(t)+BD *(y(2)=Cx(1))
=A,x(t)+B,u(r)
u(t)=D" (y(r)—Cx(2))
=C,x(2)+D,u(z)
where i(f) denotesthe input to the inverse () = y(¢),
and #(7) denotes the output of the inverse.



Chapter 25 © Goodwin, Graebe, Salgado , Prentice Hall 2000

Also

AA :A_Eﬁ_lc B/] :Eﬁ_l
C/] :—5_1(: D/] =
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Use of the exact inverse for A, (s) and Ax(s)
to yield approximate inverses for G(s)

We can use [A, (s)]* or [A(s)]* to construct various
approximations to the inverse of G(s). For example,

GRY () £ [61(5)Gol(s)] €1 (0)
IS an approximate right inverse With the property
Go(5)GRE" () = [€L(s)]'€L(0)

which is lower triangular, and equal to the identity
matrix at d.c.
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Similarly
GE™(5) = €r(0)[Go (s)Er (5)]

IS an approximate left inverse With the property
GV (5)Go(s) = Er(0)[Er ()]~

which is aso lower triangular, and egual to the
Identity matrix at d.c.
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Use of approximate inversesin
MIMO Control System Design

With the above tools in hand, we return to the
original problem of constructing Q(s) as an
(approximate) inverse for G (s). For example, we
could choose Q(s) as

Q(s) = [AL(s)]€L(0) = [€L(5)Go(5)] €L (0)

Note that for stable, minimum phase plants G(s),
then Q(s) as defined above is proper and stable.
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With this choice, we find that

To(S) = GO(S)Q(S)
= Go(s)[AL(5)]"€L(0)
= [€0(s)]'€L(0)

Thus, by choice of the relative-degree-modifying
factors (s + a) we can make T (s) equal to | at d.c. and
triangular at other frequencies, with bandwidth
determined by the factors (s + a) used in forming &, (s).

This gives asimple solution to the MIMO design
problem.
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What about Non-minimum Phase
Systems?

Of course, the above procedure for calculating a
suitable value for Q(s) in MIMO design will only
yleld a stable Q(s) If G,(s) IS minimum phase.

We recall that closed loop stability requires that Q(s)
be stable. Hence, in the case of non-minimum phase
systems, we need to find some way of modifying the
design so asto render Q(s) stable. We describe
several mechanisms for dealing with hon-minimum
phase (NMP) zeros below.
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Dealing with NMP Zeros

Z-Interactors

We saw earlier that interactor matrices are a
convenient way of describing the relative degree of a
plant (or zeros at © of a plant). Also, we saw that the
Interactor matrix can be used to precompensate the
plant so asto isolate the zeros at oo, thus allowing a
proper inverse to be computed for the remainder. The
same basic 1dea can be used to describe the structure

of finite zeros. The appropriate transformations are
known as z-interactors.
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They alow a precompensator to be computed that
Isolates particular finite zeros. In particular, when
applied to isolating the nonminimum-phase zeros and
combined with interactors for the zeros at o, z-
Interactors allow a stable and proper inverse to be
computed.

We will not spell out the details. However, full details
are provided in the book.

Instead, we will describe an alternative procedure for
design Q(s) based on the use of model matching ideas.
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Q Synthesis as a Model-Matching
Problem

Although the use of interactors and z-interactors
gives insight into the principal possibilities and
fundamental structure of Q-synthesisfor MIMO
design, the procedure is usually not appropriate for
numerically carrying out the synthesis. |n addition to
being difficult to automate as a numerical algorithm,
the procedure would reguire the analytical removal of
unstable pole-zero cancellations, which is awkward.
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We therefore investigate an alternative method for

computing a stable approximate inverse by using the

model-matching procedures. This circumvents the
need for using z-interactors.
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We first turn the plant into biproper form by using the
usual left interactor, ¢, (s).

Next, let us assume that the target complementary
sensitivity Is T*(s). We know that, under the MIMO
affine parameterization for the controller, the nominal
sensitivity 1s G (s)Q(s). Hence we can convert the Q-
synthesis problem into a model matching problem by
seeking to find Q(s) by minimizing a model matching
cost of the form:

i o

J=o= | |MGw) - N(jw)L(jw)|| 5 dw

where M, N, and " correspondto T*, ¢, G, and Q,
respectively. Also, ||:||F denotes the Frobeneous norm.
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We begin by examining Q one column at atime. For
the i column, we have
1 O

:% e

J; IIM(jw)]si — N(GW)T(jw)]ws || dw
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Conversionto Time Domaln

Asin Chapter 22, we convert to the time domain and
use

jil(t) = Ala:l(t); 561(0) = B1
y1(t) = Cra1(2)

to represent the system with transfer function

[M(s)]+;
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We aso use

To(t) = AgZa(t) + Bau(t)
25 (t) = Caia(t) + Du(t)

to represent the system with biproper transfer
function &, (s)G,(s). Also, for square plants, we
know from the properties of &, (s) that det{ D} # O.
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This seemsto fit the theory given earlier for Model
Matching. However, an important difference is that
here we have no weighting on the control effort u(z).
Thiswas not explicitly allowed in the earlier work. We
thus need to extend the earlier results to cover the case
where no control weighting isused. Thisreguiresa
simple transformation.

Full details are given in the book.

The model matching problem can then be solved, as
before, using LOR theory viaRiccatl equations. We
IHustrate by a ssmple example.
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Example 25.6

Consider 2 x 2 MIMO plant having the nominal
model

_1s+2 s+ 1
Go(s) = |7 9 7(Zs+ 1)

1 s+2 (s+1)(s+2)]
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Thisis a stable but nonminimum-phase system, with
polesat -1, -2, and-2and azero at s = 5.

The target sensitivity function is chosen as

e 9 1 0
- (S)_82—|—48—|-9 [0 1}
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To cast thisinto the problem formulation outlined
above, we next reparameterize Q(s) to force

Integration in the feedback loop. We thus use
Q) = Ga(0) ! 4585 = 12 |74t ] +5Q0)

and introduce aweighting function W (s) = I /s.

(Thismirrorsasimilar idea used in the SISO case).
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Then, in terms of the model matching problem,we
have that

M(s) = Wg(s) (T*(s) — Go(5)Go(0) ") ; and N(s) = Gg(s)
Thus,
—1.46s% + 1.135 + 5.8 0.267
M(s) = (s2+4s+9)(s+1)(s+2) (s+1)(s+2)
3.73 —0.13s% + 6.466s + 17.8
(s+1)(s+2) (s24+4s+9)(s+1)(s+2)
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To solve the problem by following the approach
presented above, we need to first build the | eft

Interactor, &, (s), for N(s). Thisinteractor is given by
¢, (s) =sl, leading to

=) TStk —(8 1) 2(s+ 2)
Er(a)” €r(s +a)N(s) = (s DT 2qs+ 1) T(=s+ 1)

whee t=a1=0.1.
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Then solving the model matching problem, we obtain

[Qn(s) Qu(s)]
Q21(s) Qaa(s)
s* +19s3 + 11952 + 335s + 450

Q(s) =

O (s)=7.11s°+83.11s° +337.11s + 328.67
O (s)=3.555° +31.565° +123.565 +189.33
O, (s)=2.22s°+24.00s5° +100.445 +142.67
O (s)=111s2+12.0s%+50.22 55+ #1.33
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Finally, we recover Q(s) as

b

Q(s) = s% 11953 4+ 11952 + 3355 -+ 450

011 (5)=6.185" +65.385° +226.045° +16.00s —420.00
01, (5)=4.09s* +41.69s° +187.025° +368.00s +240.00
0, (s)=2.49s" +29.07s° +132.18s° +232.00s +120.00
0 (s)=1.24s" +14.53s° +66.09s° +116.00s +60
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The design was then simulated with unit step
references. The results are shown on the next dlide.
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Figure 25.1. Optimal quadratic design-step reference

tracking
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\yz(t)
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Note that there is evidence of the non-minimum phase
zero in the undershoot seen in the above responses.

Also, note that the closed loop system exhibits some small
coupling in the closed loop. We will see in the next
chapter how a completely decoupled closed |0op response
can be obtained using an alternative design for Q(s).
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All of the above methodologies for designing Q(Ss)
assumed that the plant was open |oop stable.

We next consider the case when the plant is open
loop unstable.
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Affine Parameterization: Unstable
MIMO Plants

We consider a LMFD and RMFD for the plant of the
form

Go(s) = [Gon(5)] ' Gon(s) = Gon(s)[Gon(5)]
Observe also that, if G(s) isunstable, then G ()
and G (s) will both be nonminimum phase. Similarly,
if G,(s) is nonminimum phase, then so will be G (s)
and G (s).
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Affine Control Law Parameterization
for Unstable MIM O Plants

Lemma 25.2 (Affine parameterization for unstable
MIMO plants):

Consider a plant described in MFD as above where

Gon (5),Gop (5),Gon (5), and G (s) areacoprime
factorization, satisfying

Cp(s) 6N(S)] {GD(S) —Cn(s)

_Tnls) Cols) |Gn(s) Cnls) | 77



Chapter 25 © Goodwin, Graebe, Salgado , Prentice Hall 2000

Then the class of all stabilizing controllersfor the
nominal plant can be expressed as

C(s) = Cna(s)[Cpa(s)] " = [Cpa(s)]” [Cna(s)]

where
Cpa(s) = Cp(s) — Q(s)Gen(s)
61\19(8) = 61\1(8) =i Q(S)GOD(S)
Cpa(s) = Cp(s) — Gon(s)2(s)
Cna(s) = Cn(s) + Gop(s)Q2(s)

where Q(s) isany stable m X m proper transfer
matrix.
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The controller described above is depicted on the
following dlide.
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Figure 25.2. Q Parameterisation for MIMO unstable

plants
Stabilizing structure
: Cni(s)
i lR(S)
 O—~Cn(s) Plant e
J’_
Gon(s) +T+ Gon(s)
Q(s)
|

Note that the above arrangement is reminiscent of the
result described earlier for the SISO case. Of course,
In the MIMO casg, all transfer functions are matrices
of appropriate dimensions.
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If we make the special choice
Q(s) = Cp(s)Q(s)
we can represent the system as on the next slide.
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Figure 25.3. Alternative Q parameterization for MIMO
unstable plants with restricted Q(s)

*************************************************

Uy (s) lR(s)
C>+ U(s) Dl Y(i O+
e et WS ) TR St S e
S Con() [ alhts)
fffffffffffffffffff e R R T A
Ue(s) ! T
i’ d?ggzerd 2(3)

Again thisis reminiscent of the structure developed
for the SISO case.
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|n this case, we have

— (I == [CD(S)]_lGON(S)éD S
“E

»/
O
Q
w)
O
Q)
o
)
=

= (I — Gon(s)

= Sq(s)Sc(s)
where S.(s) Isthe sensitivity achieved with the
prestabilizing controller and Sq (s) in the sensitivity
function

0p)
<
S
I
-
ol
|
Q)

oN (5)€2(s)
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We recognize Sq (s) ashaving theform S (s) =1 -

G, (s)Q(s) for the stable equivalent plant G (s)-

This suggests that, the techniques developed earlier in
this chapter for Q design in the stable open-loop case can
be smply applied hereto design Q (s) so asto render
S,(s) small In some suitable sense.

Note, however, that it is desirable to ensure that S-(s) IS
also sensible, or else thiswill negatively interact with the
choice of Sq (). For example, if S-(s) IS not diagonal,
then making Sg (s) diagona does not give dynamic
decoupling. We take this topic up in the next chapter.
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State Space |mplementation

We recall that in Chapter 15 we showed that there
exists a nice state space interpretation of the class of
all stabilizing controllers for the open-loop unstable
SISO case. A similar interpretation applies to the
MIMO case. Thisinterpretation is particularly useful
In the MIMO case, where a state space format greatly
facilitates design and implementation.

Details are given in the book.
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Summary

0 The generalization of the affine parameterization for a
stable multivariable model G_(s) is given by the controller
representation

C(s) = [I - Q()Gy(9)]1Q(s) = Qs)[I - G(5)Q(s)]

yielding the nominal sensitivities

To(s) = Go(5)Q(s)

So(s) =1 - Go(s)Q(s)

Sols) = [ - Go(5)Q(s)]Gy(s)
Siols) = Q(s)

tice Hall 2000
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0 The associated achieved sensitivity, when the controller is
applied to G(s), is given by

s) = Sy(s)[1 + G .(s)Q(s)] ™
where G (s) = G(s) - G,(s) Isthe additive modeling error.

0 Inanalogy to the SISO case, key advantages of the affine
parameterization include the following

5 explicit stability of the nominal closed loop if and only if Q(s) is stable;

5 highlighting the fundamental importance of invertibility, i.e., the
achievable and achieved properties of G (s)Q(s) and G(s)Q(s); and

1 sengitivities that are affine in Q(s) - this facilitates criterion-based
synthesis, which is particularly attractive for MIMO systems.
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Again in analogy to the SISO case, inversion of stable
MIMO systems involves two key Issues:

1 relative degree - i.e, the structure of zeros at infinity; and

o Inverse stability - i.e. , the structure of NMP zeros.

Because of directionality, both of these attributes exhibit
additional complexity inthe MIMO case.

The structure of zeros at infinite is captured by the left or
right interactor (¢, (s) or &x(s), respectively).

Thus &, (s)G,(s) I1s biproper, i.e, its determinant isa
nonzero bounded quantity for s — oo,
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0 The structure of NMP zeros is captured by the left or right
z-interactor (@, (s) or ¢x(s), respectively).

0 Thus, analytically, ¢, (s)G,(s) isaredlization of the
Inversely stable portion of the model - i.e., the equivalent to
the minimum-phase factors in the SISO case.

0 However, theredlization ¢, (s) G(s)
5 1f nonminimal, and

1 generally involves cancellations of unstable pole-zero dynamics
(the NMP zero dynamics of G(s)).
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0 Thus, theredlization ¢, (s)Go(S)

o Isuseful for analyzing the fundamentally achievable properties of
the key quantity G(s)Q(s), subject to the stability of Q(s), and

1 Isgenerally not suitable for either implementation or inverse
Implementation, because it involves unstable pole-zero
cancellation.

0 A stable inverse suitable for implementation is generated
by model matching, which leads to a particular linear
guadratic regulator (LQR) problem which is solvable via
Riccati equations.
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0 If the plant model is unstable, controller design can be
carried out in two steps:

(1) prestabilization, for example viaLQR,; then

(11) detailed design, by applying the theory for stable models to the
prestabilized system.

0 All of the above results can be interpreted equivalently in
either atransfer-function or a state space framework; for

MIMO systems, the state space framework is particularly
attractive for numerical implementation.



